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Abstract
By a careful implementation of gauge transformations involving long-wavelength modes, we show that
a variety of effects involving squeezed bispectrum configurations, for which one Fourier mode is much
shorter than the other two, cannot be gauged away, except for the unphysical exactly infinite-wavelength
(k = 0) limit. Our result applies, in particular, to the Maldacena consistency relation for single-field
inflation, yielding a local non-Gaussianity strength f localNL = −(5/12)(nS − 1) (with nS the primordial
spectral index of scalar perturbations), and to the fGRNL = −5/3 term, appearing in the dark matter
bispectrum and in the halo bias, as a consequence of the general relativistic non-linear evolution of
matter perturbations. Such effects are therefore physical and observable in principle by future high-
sensitivity experiments.
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1 Introduction
The fundamental role of long-wavelength perturbations in cosmology has been recognised in various
contexts: the study of primordial non-Gaussianities, the analysis of non-linearities in the dark matter
and halo clustering properties, the study of specific secondary anisotropies in the Cosmic Microwave
Background (CMB). In all these cases, the role of long-wavelength modes can be accounted for the
calculation of specific observables (such as the dark matter bispectrum, the halo bias or the CMB
bispectrum) by either adopting traditional higher-order perturbation theory techniques, or by considering
- as a sort of useful short-cut tool - long modes as a local background (a “Separate Universe”) on top
of which the contribution by shorter-wavelength perturbations can accounted for, by means of a linear
analysis, though the two techniques are completely equivalent The strength of non-Gaussianity fNL,
which in the simplest single-field “standard inflation” case is of the order of the first slow-roll parameters
 and η [1, 2, 3, 4, 5, 6], contains a local— contribution, whose dominant signal resides in squeezed
bispectrum triangles (i.e. such that one triangle side in Fourier space is much shorter than the other two),
given by [5] f localNL = −(5/12)(nS − 1), where nS is the primordial spectral index of scalar perturbations.
The leading contribution to the bispectrum in the squeezed limit, for single-field standard inflation
models, can be predicted without actually calculating the 3-point function but relying only on the 2-
point one [7, 8, 9, 10]; the so-called “Maldacena consistency relation” connects the bispectrum and the
power-spectrum. The consistency condition in single-field inflation can also be derived by exploiting the
residual symmetries of the gauge-fixed action for the comoving curvature perturbation ζ [11, 12, 13, 14].
This prediction has to be compared with current upper bounds derived by the analysis of Planck satellite
CMB data (f localNL = −0.9 ± 5.1, [15]), while for the spectral tilt one has nS = 0.9652 ± 0.0042 [16],
thus making this theoretical prediction still far from detectability. Observational prospects on CMB
temperature and polarisation data and new large-scale structure surveys will have the capability to
tighten the primordial non-Gaussianity bound to f localNL = O(1) [17, 18, 19, 20]. More futuristic projects
on CMB spectral distortions [21] and measurements of 21cm background fluctuations from the dark ages
(see, e.g. [22] and refs. therein) may eventually reach the required sensitivity f localNL ∼ O(10−2).
The long-short splitting technique was later adopted to study the second-order Sachs-Wolfe contri-
bution to CMB anisotropies [23, 24], whose calculation confirms previous findings obtained by standard
second-order perturbative techniques [25, 26]. Similarly, the CMB non-Gaussianity arising from non-
linear effects at recombination was successfully obtained by both techniques [27, 28].
As soon as general relativistic calculations of the dark matter density perturbations were performed
up to second-order (see, e.g. [29]), a term mimicking local non-Gaussianity was found, as a mani-
festation of long-wavelength gravitational potential modes, which, once inside the horizon, modulate
short-wavelength density perturbations. The amplitude of this “General Relativistic” non-linear effect
(dubbed GR-non-Gaussianity, because of its genuinely non-Newtonian origin) is equivalent to a local
non-Gaussianity strength fGRNL = −5/3 in the matter bispectrum. Later calculations confirmed that
result and extended it to all perturbative orders [30]. The same term was then studied in connection
with local non-Gaussianity corrections to the dark matter halo bias, where it manifests itself as a scale-
dependent bias contribution, thereby adding to any primordial f localNL -like term [31, 32]. This would
then make such a GR effect observable in the galaxy power-spectrum [33] obtained from ongoing galaxy
survey data.
An important issue however arises in this framework and has been long debated in the literature
[29, 33, 34, 30, 35, 9, 28, 36, 37, 38, 39, 21, 40, 41, 42, 43, 44, 45, 46, 47], especially in connection
with the observability of the consistency relation and of the GR contribution to halo bias: do these
terms correspond to a physical observable effect, or can they be cancelled by a suitable coordinates
tranformation (spatial dilatation)? This cancellation has been often claimed as a manifestation of the
2
Equivalence Principle [48], according to which the acceleration caused by a uniform gravitational field
cannot be locally distinguished from that caused by a non-inertial reference frame.
The aim of this paper is to provide a critical discussion of the claim that the squeezed limit of
“single-clock” primordial non-Gaussianity is not observable [40, 36, 40, 44, 49]. We find that long
perturbation modes, containing any wavenumber k 6= 0, cannot be gauged away, neither by a spatial
dilatation [37, 38, 39], nor by resorting to more sophisticated techniques, such as the use of Conformal
Fermi Coordinates (CFC) [40, 41, 42, 44, 45]; the claimed cancellation indeed only takes place in the
unphysical exactly infinite wavelength (i.e. k = 0) limit. The above mentioned effects, involving long but
finite-wavelength perturbation modes, are therefore physical and observable in principle by future high-
sensitivity experiments. In particular, primordial non-Gaussianity in single field inflation is observable
even in the squeezed limit.
This paper is organised as follows. In Section 2 we discuss the transformation of the metric compo-
nents under a gauge transformations involving long-wavelength modes. In Section 3 we show that under
deformed space dilatations, the comoving curvature ζ behaves like a 3-scalar, and no shift is present for
any finite value of the wave-number k. In Section 4 the trasformation properties of the bispectrum under
a deformed dilatation are discussed. A summary of our main results is given in the Section 5. Appendix
A is devoted to a discussion of the CFC approach.
2 Long perturbation modes and local rescaling
Let us consider the perturbed metric around a Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) space-
time, which takes the following general forma
ds2 = (g¯µν + hµν) dx
µdxν = −dt2 + a2 δijdxidxj + hµνdxµdxν . (2.1)
The perturbation of a generic quantity F will be written as follows
F = F¯ + F (1) + F (2) + ... . (2.2)
Thus, at linear order, the perturbed metric hµν represents a small deviation from homogeneity and
isotropy. Under an infinitesimal coordinate transformation xµ → x′µ = xµ + µ the metric components
transform as
∆h00 = 2 ∂t
0 ,
∆h0i = ∂i
0 − a2 ∂ti ,
∆hij = −2 a a˙ δij 0 − a2
(
∂j
i + ∂i
j
)
.
(2.3)
As well known, cosmological perturbations can be decomposed into scalar, vector and tensor sectors,
according to [50]
h
(1)
00 = −2φ(1) ,
h
(1)
0i = a
(
∂iF
(1) +G
(1)
i
)
,
h
(1)
ij = a
2
(
−2ψ(1) δij + ∂ijB(1) + ∂jC(1)i + ∂iC(1)j +D(1)ij
)
;
(2.4)
aFor simplicity we neglect here the spatial curvature K, however, the analysis can be easily extended to cover also the
case K 6= 0.
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In particular, focusing on the scalar sector only and setting i = ∂i we get
∆φ(1) = −H ˙0 , ∆F (1) = a−1 0 − a ˙ , ∆ψ(1) = H 0 , ∆B(1) = −2  ,
∆F (1) = − ˙¯F 0 ;
(2.5)
where f˙ denotes the time partial derivative of f . It is worth to notice that the decomposition (2.4) makes
sense only if the metric perturbations have a non-trivial space dependence; the case of infinite-wavelength
perturbation is special and will be discussed separately below. We will show that the standard trans-
formation rules (2.5) are the only ones that can be continuously deformed into the infinite-wavelength
limiting case, or, in Fourier space, to the k → 0 case.
In cosmological applications, it is often useful to define the curvature of an hyper-surface defined by
the condition S =const., where S is a four-dimensional scalar. Such a curvature RS is defined in terms
of the 3D Ricci scalar associated to the induced metric in S
χµν = gµν + nµnν , nµ =
(
−gαβ∂αS∂βS
)−1/2
∂µS, , (2.6)
as
RS = R−KµνKµν +K2 + 2∇ν (nµ∇µnν)− 2∇µ (nµ∇νnν) ; (2.7)
where b Kµν = χ
α
µ∇αnν is the extrinsic curvature of S, K = Kµνχµν its trace and R is the four-
dimensional Ricci scalar. At the first order in perturbation theory we have
RS = 4
a2
∂2
(
H
˙¯S
S(1) − ψ
)
+ · · · ≡ R(1)S + · · · ∂2 = δij∂i∂j . (2.8)
The geometric nature of RS leads to the so-called gauge invariance of R(1)S ; namely from eq. (2.5) one
gets ∆R(1)S = 0. As expected, R(1)S is insensitive to any purely spatial transformation, with 0 = 0, under
which neither S(1) nor ψ(1) change. We have assumed that at the background level S coincides with the
hypersurface of homogeneity of the unperturbed FLRW spacetime. Notice that in generic coordinates,
by choosing local coordinates ya, a =, 1, 2, 3 on S we have that
∂t
∂ya
= −∂iS
∂tS
∂xi
∂ya
. (2.9)
For instance, in single-field inflation models, taking S = const. as the hyper-surface whose normal is
proportional to ∂µϕ, where ϕ is the inflaton field, we get
R(1)S ∝ ∂2
(
H v − ψ(1)
)
≡ ∂2ζ , v = ϕ
(1)
˙¯ϕ
. (2.10)
The quantity ζ is the comoving curvature perturbation and it is well known that ζ is constant in time
on super-horizon scales in the case of single-field inflation.
The case of very large-wavelength perturbations needs to be analyzed carefully. Indeed, consider the
following transformation
xi → x′i = eλxi = (1 + λ+ · · · )xi , (2.11)
corresponding to spatial diffeomorphisms, where λ can be space and time dependent. In this case, if we
take i = λxi and 0 = 0, we have
∆h00 = 0 ∆h0i = −a2 xi λ˙ ; (2.12)
bWe denote by ∇ the covariant derivative associated to the Levi-Civita connection.
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while
∆hij = −a2
(
2λ δij + x
i ∂jλ+ x
j ∂iλ
)
. (2.13)
The 3-vector i can be written as the gradient of a scalar i = ∂i, only if
i = ∂i ⇒ xi∂jλ− xj∂iλ = 0 . (2.14)
Of course, this is the case when λ = λ0 = const., where only a δij term is generated in (2.13); however
there is a one-parameter degeneracy between the variations of ψ(1) and B(1); indeed (2.13) is reproduced
by taking
∆(α)φ
(1) = 0 , ∆(α)F
(1) = 0 , ∆(α)S
(1) = 0 ,
∆(α)B
(1) = λ0(α− 1)x2 , ∆(α)ψ(1) = αλ0 .
(2.15)
Furthermore, transformation rules (2.15) are often used by setting arbitrarily α = 1. This 1-parameter
degeneracy can be lifted by introducing a linear dependence on the coordinates, by taking λ = λ0 +
λ1 x
ini, with ni a constant 3-vector; we then get
∆φ(1) = 0 , ∆F (1) = 0 , ∆S(1) = 0 ,
∆B(1) = −λ
2
x2 , ∆ψ(1) =
λ
2
; λ = λ0 + λ1 x
ini .
(2.16)
As a result, a linear dependence on x lifts the degeneracy, by setting α = 1/2; however with this choice
the spatial metric is no longer diagonal. The situation, in general, is even worse when λ is a quadratic
function of xi; namely λ = λ0 + x
ini + Dijx
ixj where D is a constant symmetric matrix. In this case
∆hij cannot be reproduced by any variation of ψ and B alone. Such ambiguity is solved by imposing
that the variation of the spatial metric hij can be consistently reproduced by a change of the scalar
modes in hij , i.e. if and only if λ = λ(t, |x|), satisfying automatically (2.14). In general, any coordinates
transformation of the form δxi = ∂i(t, |x|) can be written as a deformed dilatation such that
λxi = ∂i ⇒ λ = ∂r
r
r = |x| . (2.17)
Thus, except for the special case λ = λ0 =constant, the correct transformation rule is (2.5) and thus,
being 0 = 0, there is no shift of ψ. Such a shift can be present only in the very special case λ =
λ0 =constant with the choice α = 1. In other words, there is no spatial dilatation with almost constant
λ(|x|) able to reduce with continuity to the λ = λ0 case, simply because the large-scale limit k → 0 and
the smallness of the gradient term xi∂i λ do not commute, thereby giving rise to different transformation
rules. As we will demonstrate in Section 3, this implies that terms of order xi∂iλ cannot be neglected
or confused in a gradient expansion.
Indeed, the choice to set α = 1 in the λ0 case was first introduced by Weinberg [51, 52] to prove the
constancy of ζ in the large-scale limit, and later in [12][13] to get the single-field consistency relations.
However, here the gauge redundancy approach is applied in the large-scale limit; this consists in setting the
scalar variation ∆B to zero by hand, a procedure which cannot be reproduced by a standard coordinate
transformation. A typical use of such a “would-be-shift” is the attempt to gauge away any very long-
wavelength component of a perturbation in ψ. Consider, for instance, the case of single-field inflation
and fix the so-called ζ-gauge, obtained by setting [5]
ϕ(1) = B(1) = 0 , (2.18)
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Thus, in this gauge, R(1)S = − 4a2∂2ψ(1) and ζ = −ψ(1); primordial non-Gaussanity is given in terms of
the 3-point function of ψ(1) in this gauge. Suppose that we split ψ(1) in two parts ψ(1) = ψS + ψL, with
ψS containing only short (high-frequency) modes and ψL describing a perturbation made of very long
wavelengths; can we get rid of ψL by using the shift of ψ
(1) induced by a spatial rescaling of coordinates,
and, at the same time, remain in the ζ-gauge (2.18)? The answer is negative, unless ψL is genuinely
constant; otherwise, instead of shifting ψ(1) one is going to produce a non-vanishing B(1), moving away
from this gauge (2.18). This is perfectly consistent with the dynamics of single-field inflation; indeed, in
the gauge (2.18), the field ψ(1) satisfies the equation
ψ¨ −
(
2H˙
H
+
H¨ + 6H H˙
2M2Pl H˙
2
+ 3H
)
ψ˙ +
1
a2
∂2ψ = 0 . (2.19)
In such a gauge, therefore, a rescaling of the coordinates should send a solution of (2.19) into a new
solution. Namely, considering an arbitrary shift ∆ψ(1) = λ(x), λ should solve (2.19). Actually this is
the case if ∂2λ = 0; thus λ = λ0 +λ1 x
ini, thereby confirming the above conclusion. In the Fourier basis,
this means that λk is a delta-function with support in k = 0 that this is precisely what is needed in the
proof of the generalised consistency relations [13, 14].
3 Deformed dilatations and gradient expansion
In this Section we show that, whatever the selected range of scales is, a deformed dilatation can be
described via standard gauge transformation rules, avoiding the ψ shift in the large-scale limit. Consider
a deformed dilatation of the form
xi → x′i = xi + λ(x)xi , λ = 1
(2pi)3/2
∫
d3k eikxλk , (3.1)
where usually λk is taken to be the filtered Fourier transform of some comoving curvature mode ζk.
Often the window function W is supposed to select the “long mode” part of ζ, namely
λk = Wk ζk , (3.2)
that should be gauged away. A widely used choice c for Wk is the Heaviside step function centred on a
particular scale kc,
Wk = θ
[
1
H
(kc − k)
]
, (3.3)
where kc/H  1 at the time of interest. Naively, one could argue that performing such a “dilatation”,
the off-diagonal terms of the transformed spatial metric ∼ xj∂iλ in (2.15) are negligible, at leading order
in a gradient expansion. However, integrating by parts we get
xi∂jλ = − 1
(2pi)3/2
∫
d3k eik·x∂ki
(
kj λk
)
+ BT . (3.4)
The window function is such that the boundary term BT can be set to zero, given that W selects long
modes only. We have taken both λk and Wk functions of k = |k|; as a result (2.14) is satisfied. Here
cSee for instance [40], were a transformation to Conformal-Fermi-Coordinates is approximated by a deformed spatial
dilatation with W taken as an Heaviside step function.
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differentiation with respect to k will be denoted by a prime. Thus, in Fourier space
(∆hk)ij = −a2
[
2λk δij − ∂kj
(
ki λk
)− ∂ki (kj λk)]
= 2 a2
kikj
k
(λk)
′ .
(3.5)
Unless Wk ∼ δ(k), there is no term proportional to δij , while (∆hk)ij is reproduced by
∆Bk = − ∆hij
2 a2 ki kj
= −2
k
λ′k ; (3.6)
where λ′k = ∂kλk. No shift of ψ is present and, once again, we recover the general transformation rule
(2.5). Indeed, by using (3.4) we obtain  such that ∂i = 
i is given in Fourier space by
k =
λ′k
k
; (3.7)
thus (3.6) is exactly the Fourier transform of (2.5), as expected. Despite the filtering procedure which
drops short modes, the transformation rule (2.5) is not altered. Our result is in contrast with the
transformation rule of the curvature perturbation and definition advocated in [44], where, instead of the
comoving curvature perturbation, a quantity more similar to the local number of e-fold is definedd
ζ(alt) = δN =
1
6
hii
a2
= −ψ + 1
6
∂2B . (3.8)
While the quantity δN , which coincides with ζ in the comoving gauge[54, 55, 56, 57], is often assumed to
be still approximately equal to ζ in CFC and other gauges where the term ∂2B is assumed to be negligible
in the gradient expansion. The ∂2B in CFC is very peculiar, indeed it compensates the diagonal metric
term ψ δij leading to gij ∼ x2 ∂2ζ. However, we have just shown that such gradient terms cannot be
neglected and in Fourier space it does not matter how close to zero the xi value is. Let us also stress
that ζ(alt) is rather different from the comoving curvature perturbation ζ; most crucially it is not gauge
invariant! Indeed, in Fourier space, we have that, under the transformation (3.1),
ζ
(alt)
k → ζ(alt)k +
1
3
k λ′k (3.9)
where again there is no shift term, and in addition and the gauge invariance is simply lost. In Appendix
(A) it is shown that the coordinate transformation that connects CFC to comoving coordinates can be
written as a deformed dilatation with a suitable λ. The shift of ψ is crucial in arguing that the long
mode can be gauged away by transforming the primordial bispectrum, or any N-point function obtained
by a local measurement [42], from comoving to CFC coordinates and then canceling the leading term
of the Maldacena consistency relation [40, 44, 49]. Contrary to what we have found, it is often claimed
that under a spatial “long” deformed dilatation transformation where ζ(alt) e is split into a long and a
short part, while the “long” ζ
(alt)
L shifts by λL, the short part ζ
(alt)
S is a genuine scalar quantity. In our
analysis we do not find such a transformation property.
The first application of a constant dilatation was given in [51][52] as a tool to show the constancy of ζ
under mild assumptions. A constant dilatation represents the residual gauge ambiguity in the Newtonian
dActually, the local number of e-folds contains terms of order ∂2F , coming from a proper time integration along the
fluid world-line, with relative terms lying on the initial hyper-surface [53].
eWe stress once again that such a quantity is not the gauge-invariant ζ unambiguously defined in any coordinates as
being proportional to the Ricci scalar of the hyper-surface orthogonal to the inflaton velocity in single field inflation.
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gauge of an unperturbed FLRW solution. Such a pure-gauge mode with k = 0f can be promoted to a
physical (adiabatic mode) perturbation by enforcing that it solves the subset of Einstein’s equations
that are trivial at k = 0 (for instance in the Newtonian gauge this set corresponds to the ij Einstein’s
equations.). In this sense a non-physical gauge mode that corresponds to a constant spatial dilatation
is promoted to the physical adiabatic mode
ζ |k→0= −λ0 − H
a
C ; (3.10)
where, typically, the constant C corresponds to a decaying mode. Similarly, the Maldacena consistency
relation and their extensions can be derived [9, 12, 13, 14] by promoting the redundancy of the ζ−gauge
to a full-fledged adiabatic mode, extending the transformation including 3-special conformal transfor-
mations in addition to constant dilatations.
The Maldacena consistency relation relates the 3-point function of the comoving curvature perturbation
to the 2-point function of the same quantity. It is important that such correlation functions are scalars
under a change of the coordinates of the hyper-surface, see (2.7) and (2.8), namely
B(~x1, ~x2, ~x3) = 〈ζ(~x1) ζ(~x3) ζ(~x3)〉 → B(~˜x1, ~˜x2, ~˜x3) = B(~x1, ~x2, ~x3) ; (3.11)
a similar relation holds true for the 2-point functiong. This relation is a consequence of the geometric
nature of ζ and of the general covariance of the action describing gravity and the inflationary sector.
According to [5], in the squeezed limit, where one of the three momenta is much smaller than the others,
the primordial bispectrum assumes the following form
〈ζ(k1)ζ(k2)ζ(k3)〉 |k3→0= −(2pi)3 δ(k1 + k2 + k3) (ns − 1)P (k3)P (k1) . (3.12)
If one accepts the transformation property (3.11), it seems of little physical interest the choice of coordi-
nates used in the computation of B. Indeed, once B is found to be non-vanishing in a set of coordinates,
the same will be true in any other set of coordinates. In the non-linear case, taking the expectation
value on the Bunch-Davis vacuum state does not commute with the transformation of ζ.
By using CFC, in [40, 44] it was argued that actually only the short-wavelength part ζs of ζ can be
defined as a scalar and, at the leading order, one has
ζ˜s(x) = ζs(x)− λxi ∂i ζs(x) ; (3.13)
where ζ˜s is the short part of ζ in CFC and λ is the deformed dilatation which relates CFC and comoving
coordinates, see A and [40, 42]. Their claim can be summarised by the following relation valid in the
squeezed limit
∆B = B˜(x1, x2, x3)− B(x1, x2, x3) ≡ −B(x1, x2, x3) ; (3.14)
thus B˜squeezed = 0. According to our result, actually
∆B ≡ 0 , (3.15)
in agreement with (2.5). Two independent arguments in favour of (3.15) will be given in Section 4.
By using the in-in formalism, one can show that the effect of the transformation to CFC changes the
fThe crucial difference from standard transformations is to impose a gauge redundancy in the k ≡ 0 case
gWe are interested on super-horizon scales where, at least when the Weinberg theorem applies, the time dependence in
B is negligible (for simplicity of notation, only spatial coordinates will be shown).
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Lagrangian by a total derivative. Alternatively, by direct computation of the leading order term in
perturbation theory, ∆B in Fourier space is found to be just a vanishing boundary term.
In summary, we have argued that single-field primordial non-Gaussianity is observable even in the
squeezed limit, and thus the Maldacena consistency relation is physical and observable in principle. Such
a result is in agreement with the results of [58, 57], according to which the local fNL is invariant under
a non-linear field redefinition, and frame-independent [59].
We conclude this section by taking into account another example where space-dependent dilatations
were widely used in the literature [37, 45] to study the scale-dependence of the dark matter halo bias, in
connection with possible signatures of primordial non-Gaussianity. In particular, disagreement persists
in the literature about the possible total or partial cancellation of the effective fGRNL = −5/3 contribu-
tion. Looking at works where CFC or simpler dilatation transformations were used, the following two
ingredients are always present
1. the off-diagonal terms of the metric are neglected, invoking a gradient expansion; however, as we
have just shown, in Fourier space they are of the same order as ζ itself and fundamental for the
covariance of the theory, hence they cannot be neglected;
2. an extensive use of the separate universe approach is always present. According to this approach
the metric is diagonal on very large scales, ensuring equivalence (in particular for the halo-bias)
between comoving and synchronous gauges and between the δN local number of e-folds and the
comoving curvature ζ. Finally, the comoving curvature is related to the energy-density field.
It seems that the presence of these two ingredients is sufficient to claim the cancellation of any single-
clock primordial fNL contribution in local measurements [42, 45]. However, in the light of our results
some doubts are in order. The definition of ζ in CFC coordinates as the trace of the spatial metric gij
and relating it to the energy-density can be dangerous. Such a quantity, which is of second order in the
CFC expansion, is not a genuine 3-scalar invariant; see eq. (3.9). On the other hand, the energy density
is well known to be related to the gravitational potential ψ via the Poisson equation, which in a generic
gauge reads
8piGρ =
2
a2
∇2ψ − 6
a2
H ψ˙ +
H
a3
(
a∇2B˙ − 2H∇2F
)
. (3.16)
eq. (3.16) is perfectly invariant under the deformed dilatation because the B gauge change is com-
pensated by the scalar F transformation. This is sufficient to conclude that the long mode with finite
momentum k cannot be gauged away by a spatial dilatation, exactly as shown for the consistency rela-
tion. Sometimes the cancellation is motivated by resorting to the Equivalence Principle. Now ζ plays
the role of a gravitational potential and indeed, according to our result it can be shifted by a con-
stant, as a consequence of the ambiguity present at k = 0. Such an ambiguity is present in the case
of λ(x) = λ0 + ~x ·~b, see (3.1) and the end of the previous section. However, when ~b 6= 0, (2.14) is not
satisfied and thus such a λ is not a coordinates transformation that affects the scalar sector. As soon as
λ is at least a quadratic function of ~x, tidal effects kick in and no shift of ζ is present. In this sense, our
result is in full agreement with the Equivalence Principle.
4 Bispectrum gauge transformation under deformed dilatations
In this Section, we show that under a deformed dilatation, the bispectrum of a generic three-scalar is
unchanged, in the sense that ∆B = B˜(x1, x2, x3) − B(x1, x2, x3) ≡ 0. Tree-level correlation functions
can be computed in two ways: by using the in-in formalism in the interacting picture or equivalently
by solving the classical equation of motions at the required order in perturbation theory with free-field
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initial conditions, see for instance [60]. In the in-in formalism, correlations of fields are computed by
relating the fields in the interaction picture (free fields) with Heisenberg picture fields perturbatively;
thus non-linearities are encoded in such a relation. In the second approach fields are decomposed with
creation and annihilation operators with non-linear modes.
Let us start with in-in formalism. It is sufficient to analyse the extra terms in the action, arising from
the non-linear coordinate transformation (deformed dilatation) which connects comoving gauge, where
v and B are set to zero, with CFC-like reference frame
x˜i = eλ xi , gij = a
2 e2 ζ δij . (4.1)
The action is invariant and can be written in ADM form as [5]
S =
∫
d4x
√
hN
[
R(3) +KijK
ij −K2 + Lm
]
≡
∫
d4x
√
h(x)S(x) . (4.2)
where h is the spatial metric determinant, N is the shift and Kij is the extrinsic curvature tensor of
t = constant, while Lm is the Lagrangian for the inflaton φ. In the comoving gauge, the t = constant
hyper-surface coincides with φ =const. hyper-surface. The 3-scalar in (4.2) can be written as S
S˜(x˜) ≡ S(x) = S¯(t) + S(1)(x) + S(2)(x) + . . . . (4.3)
Defining the quantity
∆S =
√
h˜(x) S˜(x)−
√
h(x) S(x) , (4.4)
the bispectrum variation in-in formalism is given by
∆B = 〈ζ˜(t , x)3〉 − 〈ζ(t , x)3〉
= i
∫ t
t0
dt′ 〈
[
ζ3(t, x),
∫
d3x∆
(3)
S
]
〉 , (4.5)
the second equality can be obtained by using the first-order gauge invariance h of ζ: ζ˜(1)(x) = ζ(1)(x)
and
Lint = −Hint =
∫
d3x
√
hS. (4.6)
Now, under a generic redefinition of spatial coordinates δxi = x˜i−xi, we get the following transformation
S˜(x) = S(x)− δxi ∂i
(S(1)(x) + S(2)(x))− 12 δxi δxj ∂ijS(1)(x) + δxj ∂j (δxi ∂iS(1)) ;√
h˜(x) = a3 + a3
[
3 ζ − ∂i
(
xi λ
)]
+ 12 a
3
[
9 ζ2 − 6 ζ ∂j
(
xj λ
)− 6λxj ∂jζ]
+12 a
3
[
9 ζ3 − 9 ζ2 ∂j
(
xj λ
)− 18 ζ λ xj ∂jζ]+O(λ2 , λ3) . (4.7)
For simplicity, we have omitted terms quadratic and cubic in λ, coming from the transformation of
the determinant of the spatial metric h. All the λ2 terms in the quadratic action can be canceled, by
integrating by parts, and the same reasoning applies to λ2 − λ3 vertices in the cubic action i. Thus, the
change of the spatial coordinates induces the following variation ∆S up to the third order
∆¯S = 0 ,
∆
(1)
S = a
3 S¯(t) ∂i
(
λxi
)
,
∆
(2)
S = −12 a3 ∂i
[
2λS(1) xi + 6 S¯(t)λ ζ xi] ,
∆
(3)
S = −92 a3 S¯(t) ∂i
(
ζ2 λxi
)− 3 a3 ∂i (ζ λS(1))− a3 ∂i (λ S¯(2) xi) ,
(4.8)
hAs we have previously shown, excluding the very special case of a constant λ, this is the case.
iNote that being λ defined by long modes only, λ2 − λ3 vertices should imply triangles with two and three squeezed
momenta that are not relevant in the squeezed limit.
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we have omitted all the quadratic and cubic terms in λ. The final result is that, for all the relevant
vertices, we get that the variation of the cubic Lagrangian is just a boundary term and then, substituting
in eq. (4.5), we get
∆B ≡ 0 ; (4.9)
Let us now reproduce the same result in a different way. The first step consists in considering that the
ζ curvature is a 3-scalar, i.e.
ζ˜(x˜) = ζ(x) ⇒ ζ˜(x) = ζ(x)− λxi ∂i ζ(x) + · · · . (4.10)
The variation of the spectrum due to the above non-linear transformation can be computed at the leading
order as a correction proportional to a 4-point function, which is already non-vanishing for free fields.
From (4.10), we get in Fourier space
∆B = −〈ζk1ζk2 (λx · ∂ ζ) |k3〉 − 〈ζk1 (λx · ∂ ζ) |k2ζk3〉 − 〈(λx · ∂ ζ) |k1ζk2ζk3〉 ≡
3∑
i=1
Bi ; (4.11)
where by definition
(λx · ∂ ζ) |k =
∫
d3x
(2pi)9
e−ikx
(
Π2i=1
∫
d3pi e
ip1 x xi∂i
[
eip2 x
]
ζp2 λp2
)
,
ζk = vk ak + v
∗
k a
†
k , λk = vkWk ak + v¯
∗
kWk a
†
k .
(4.12)
Focusing on the first term in relation (4.11); we get, at the leading order in perturbation theory,
∆B3 =
∫
dx3
(2pi)9
e−ik3 x Π2i=1 d
3pi e
ip1 x xi ∂i
[
eip2 x
] 〈ζk1 ζk2 λp1 ζp2〉
= −
∫
d3p2
(2pi)6
∂
pj2
[
pj2 〈ζk1 ζk2 λ(k3−p2) ζp2〉
]
,
(4.13)
where the second line was obtained integrating by parts. Integrating ∆B3 and applying the Wick’s
theorem, we get a vanishing boundary term considering both the presence of the window function Wk
and the Dirac delta term which centers p2 on one of the finite momentum ki. The same procedure applies
for the other ∆Bi terms, obtaining that the total variation ∆B vanishes as expected.
We conclude this Section by stressing how crucial the first-order transformation properties of the
field whose bispectrum is analyzed, are. The only way to cancel the fNL term in the squeezed limit is to
allow the long modes to shift. Indeed, consider a general field χ such that at linear order
xi → x˜i = (1 + λ)xi ⇒ χ˜k = χk (1−Wk) . (4.14)
where W is the above mentioned window function which isolates long modes, i.e. simply
χ˜kL ≡ 0 , χ˜kS = χkS , (4.15)
Being the action corrected thanks to total derivative terms, we trivially get
〈χ˜kL χ˜kS 2 χ˜kS 3〉 ∼ 〈
[
χ˜kL χkS 2 χkS 3 ,
√
hS |
k k′ k′′
]
〉 . (4.16)
The previous relation can be zero if and only if χ shifts, i.e. χkL ≡ 0, and in this sense the importance
we gave to this point in the previous Section can be understood. Note that here the χ field can be
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replaced by ζ, ψ or the energy-density ρ, or any other field to which in the literature such a property
of transformation was applied. In this sense, the fNL term can be removed only in the strictly kL ≡ 0
limit, where a redundant gauge transformation can be implemented, however this limit has no physical
meaning in cosmological observables.
Furthermore, if one chooses as χ field the local number of e-folds δN , instead of ζ, as done in CFC
coordinates, using eq. (3.9) one should get that the result is window-function-dependent near the refer-
ence scale kL ∼ kc (usually, patch-dependent), it is even singular if Wk is taken to be a Heaviside step
function as in eq. (3.3). This makes the claimed fNL cancellation, even less robust in these coordinates.
5 Conclusions
The detection of primordial non-Gaussianity is one of the most important avenues of modern cosmology
and forthcoming probes will be able to significantly improve our knowledge of inflation in the Early
Universe. On one hand, in the squeezed limit, the amount of non-Gaussianity is completely fixed in
a model-independent way in the case of standard single-field inflation; on the other hand, concerns
about the physical observability of such a limit have been advocated. In the debate, it is crucial to
determine how a very long perturbation affects the quantities of physical interest. We have reanalysed the
transformation properties of cosmological observables and, in particular, of the curvature perturbation
ζ and its related correlation functions. Our results imply that, excluding the case of infinitely long-
wavelength (hence non-physical) perturbations, ζ is a genuine geometrical quantity and in particular
it is gauge invariant at first order in perturbation theory. By using a deformed dilatation of spatial
coordinates, no shift in ζ is found, no matter what window function is used to filter out short modes. A
gauge ambiguity exists only in the strictly k → 0 limit. The impact on the bispectrum of ζ is relevant:
we have found that, even in the squeezed limit, no cancellation of primordial non-Gaussianity takes
place. Thus, the Maldacena consistency relation still represents an important feature to tame the zoo
of inflationary models, according to the pattern of symmetry breaking during inflation. Interestingly,
similar techniques, based on deformed spatial dilatations, where used to study the general relativistic
scale-dependent contribution to the bias of dark matter halos, claiming the cancellation of the so-called
fGRNL = −5/3 term in local measurements. Our analysis implies that also such a term is unaffected by
deformed spatial dilatations.j Hence, these effects are physical and observable in principle by future
high-sensitivity experiments.
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A CFC vs. space-dependent dilatation
The coordinates transformation that relates CFC and comoving coordinates is a special case of deformed
dilatation of Section 3. The perturbed conformal metric h˜µν is related to hµν by
h˜µν =
1
a2
hµν . (A.1)
jWe will discuss this issue in more detail in a future publication.
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Conformal Fermi Coordinates can be described by the following tetrads in comoving coordinates k:
eµ0 =
1
a
(
1 +
1
2
h˜00, V
i
)
eµi =
1
a
(
0, δij −
1
2
h˜ij
) (A.2)
Neglecting second-order perturbations, the cubic transformation from the comoving to the CFC frame
has the following form:
∆xkF =∆x
k − ∆¯xk ψ|p − 1
2
∆¯xi∆¯xj
(
δik ∂jψ + δ
j
k ∂iψ − δij ∂kψ
)
|p
− 1
6
∆¯xi∆¯xj ∆¯xl
(
δik ∂jlψ + δ
j
k ∂ilψ − δij ∂kiψ
)
|p
(A.3)
where ∆xµ = xµ(τ)− pµ(τ), is the deviation from a central worldline pµ, and ∆¯xµ its background value.
We can take ψ(x) = ψ(|∆¯x|) and ∂jψ˜|p = ∂jψ|∆¯x=0 and, thus, without loss of generality,
∆xkF ≡ xkF =xk − xkV(x)− xk ψ|0 −
1
2
xi xj
(
δik ∂jψ + δ
j
k ∂iψ − δij ∂kψ
)
|0
− 1
6
xi xj xl
(
δik ∂jlψ + δ
j
k ∂ilψ − δij ∂kiψ
)
|0
(A.4)
There is still the freedom to choose the value of the coordinates of the central world-line at the initial
proper-time τi; one can set
pi(τi) = 0 , p
i(τ) =
∫ τ
τi
vi(τ ′, 0) dτ ′ . (A.5)
Focusing on the scalar sector we can always write the 3-velocity as a gradient∫ τ
τi
vk|pdτ = ∂kV (|x|)|xi=pi ≡ xkV(x) . (A.6)
It is worth stressing that it is necessary to consider the relation between CFC and comoving coordinates
at least at third order to get the correct off-diagonal spatial metric corrections at second order in xi,
which have the form xixj∂ijh.
In order to find the function λ which defines the deformed dilatation one has to express ψ|0, ∂iψ|0 and
∂ijψ|0 as a Taylor series centred on x, at least at third order in xi. After some tedious computation one
gets, from eq. (A.4):
xkF =
[
1 + ζ − 1
2
|x| ∂xζ(|x|) + 1
6
|x|2 ∂2xζ(|x|)−
1
12
|x|3 ∂3xζ(|x|)− V(|x|)
]
xk , (A.7)
where we have imposed ψ(x) = ψ(|x|). Thus, the transformation between spatial CFC and spatial
comoving coordinates perfectly matches a space-time dependent dilatation with
λ = ζ − 1
2
|x| ∂xζ(|x|) + 1
6
|x|2 ∂2xζ(|x|)−
1
12
|x|3 ∂3xζ(|x|)− V(|x|) +O(|x|4) . (A.8)
This simple procedure can be generalized at any order
λ(n) =
n∑
l=0
α(l) |x|l ∂lxζ(|x|)− V(|x|) +O(|x|n+1) , α(0) = 1 . (A.9)
kFor details see [42]
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Of course, as discussed in the main text, ζ is the gauge-invariant ζ. Once a central world-line is chosen
as the origin of the new Lagrangian coordinate system, on can take x to be arbitrarily (not necessarily
small) by truncating the series to a sufficiently large n-th order. Finally, even if x is taken to be a small
displacement from the central value (set to zero), in Fourier space any information about the smallness
of a term xi∂i is lost for any value assumed by x, as shown in Section 3. If we neglect the V presence,
the new g˜ij take the following form
g˜ij =
1
3
xk xl
(
δlj ∂ik + δ
l
i ∂jk − δij ∂lk − δkl ∂ij
)
ψ +O(x3) , (A.10)
which is the same result obtained in [41]. Still in the series of works [40][41][42][44][45] it is assumed that
the CFC transformation works in a region on an unspecified scale, depending on the dimension of the
patch of Universe under investigation. Thus, all the quantities which appear in the previous relations
are coarse-grained. In particular, this holds for eq. (A.9), where an Heaviside theta window function,
defined as in (3.3), is understood. Finally, we stress once again that even if in eq. (A.10) the diagonal
part of the spatial metric proportional to ψδij disappears, this does not mean that the ψ function is
shifted.
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